














used to prove that the response of a system to a real temperature gradient is
identical to the response to the synthetic Evans-Gillan external field.

We use the term synthetic to note the fact that the Evans-Gillan field does not
exist in nature. It is a mathematical device used to transform a difficult boundary
condition problem, the flow of heat in a system bounded by walls maintained
at differing temperatures, into a much simpler mechanical problem. The
Evans-Gillan field acts upon the system in a homogeneous way permitting the
use of periodic rather than inhomogeneous boundary conditions. This synthetic
field exerts a force on each particle which is proportional to the difference of
the particle's enthalpy from the mean enthalpy per particle. The field thereby
induces a flow of heat in the absence of either a temperature gradient or of any
mass flow. No Hamiltonian is known which can generate the resulting equations
of motion.

In a similar way Kawasaki showed that the boundary condition which
corresponds to planar Couette shear flow can be incorporated exactly into the
equations of motion. These equations are known as the SLLOD equations (§6.3).
They give an exact description of the shearing motion of systems arbitrarily far
from equilibrium. Again no Hamiltonian can be found which is capable of
generating these equations.

When external fields or boundary conditions perform work on a system we have
at our disposal a very natural set of mechanisms for constructing nonequilibrium
ensembles in which different sets of thermodynamic state variables are used to
constrain or define, the system. Thus we can generate on the computer or analyse
theoretically, nonequilibrium analogues of the canonical, microcanonical or
isobaric-isoenthalpic ensembles.

At equilibrium one is used to the idea of pairs of conjugate thermodynamic
variables generating conjugate equilibrium ensembles. In the canonical ensemble
particle number , volume , and temperature , are the state variables whereas
in the isothermal-isobaric ensemble the role played by the volume is replaced
by the pressure, its thermodynamic conjugate. In the same sense one can generate
conjugate pairs of nonequilibrium ensembles. If the driving thermodynamic
force is , it could be a temperature gradient or a strain rate, then one could
consider the , , ,  ensemble or alternatively the conjugate , , ,
ensemble.

However in nonequilibrium steady states one can go much further than this.

The dissipation, the heat removed by the thermostat per unit time , can
always be written as a product of a thermodynamic force, , and a
thermodynamic flux, . If for example the force is the strain rate, , then

the conjugate flux is the shear stress,  One can then consider nonequilibrium
ensembles in which the thermodynamic flux rather than the thermodynamic
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force is the independent state variable. For example we could define the
nonequilibrium steady state as an , , ,  ensemble. Such an ensemble is,
by analogy with electrical circuit theory, called a Norton ensemble, while the
case where the force is the state variable , , , , is called a Thévenin
ensemble. A major postulate in this work is the macroscopic equivalence of
corresponding Norton and Thévenin ensembles.

The Kubo relations referred to above, only pertain to the Thévenin ensembles.
In §6.6 we will discuss the Norton ensemble analogues of the Kubo relations and
show how deep the duality between the two types of ensembles extends. The
generalisation of Norton ensemble methods to the nonlinear response leads for
the first time, to analytic expressions for the nonlinear Burnett coefficients. The
nonlinear Burnett coefficients are simply the coefficients of a Taylor series
expansion, about equilibrium, of a thermodynamic flux in powers of the
thermodynamic force. For Navier-Stokes processes, these coefficients are expected
to diverge. However since until recently no explicit expressions were known
for the Burnett coefficients, simulation studies of this possible divergence were
severely handicapped. In Chapter 9 we discuss Evans and Lynden-Bell’s (1988)
derivation of, equilibrium time correlation functions for the inverse Burnett
coefficients. The inverse Burnett coefficients are so-called because they refer to
the coefficients of the expansion of the forces in terms of the thermodynamic
fluxes rather than vice versa.

In the last Chapter we introduce material which is quite recent and perhaps
controversial. We attempt to characterise the phase space distribution of
nonequilibrium steady states. This is essential if we are ever to be able to develop
a thermodynamics of nonequilibrium steady states. Presumably such a
thermodynamics, a nonlinear generalisation of the conventional linear irreversible
thermodynamics treated in Chapter 2, will require the calculation of a generalised
entropy. The entropy and free energies are functionals of the distribution
function and thus are vastly more complex to calculate than nonequilibrium
averages.

What we find is surprising. The steady state nonequilibrium distribution function
seen in NEMD simulations, is a fractal object. There is now ample evidence that
the dimension of the phase space which is accessible to nonequilibrium steady
states is lower than the dimension of phase space itself. This means that the
volume of accessible phase space as calculated from the ostensible phase space,
is zero. This means that the fine grained entropy calculated from Gibbs’ relation,

(1.3)

diverges to negative infinity. (If no thermostat is employed the corresponding
nonequilibrium entropy is, as was known to Gibbs (1902), a constant of the
motion!) Presumably the thermodynamic entropy, if it exists, must be computed
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from within the lower dimensional, accessible phase space rather than from the
full phase space as in (1.3). We close the book by describing a new method for
computing the nonequilibrium entropy.
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