





Nonlinear Response Theory

Figure 7.13 We plot the ratio of the phase space separations as a function
of strain rate and time. The ratios are computed relative to the separation at

a reduced strain rate of . Curves denoted by 'av' are ensemble averages.
Those not so denoted give the results for individual phase trajectories. Since
the integrals of the Green-Kubo correlation functions converge to within a
few percent by a reduced time of ~ 1.5, we see that the trajectory separation
is varying linearly with respect to strain rate for reduced strain rates less than
~ 2. This is precisely the strain rate at which direct nonequilibrium molecular
dynamics shows a departure of the computed shear viscosity from linear
behaviour.

We conclude from these studies that within the GK time window, macroscopic
and microscopic linearity are observed for identical ranges of strain rates. For
times shorter than those required for convergence of the linear response theory
expressions for transport coefficients, the individual phase space trajectories are
perturbed linearly with respect to the strain rate for those values of the strain
rate for which the fluid exhibits linear macroscopic behaviour. This is in spite
of the fact that within this domain the strain rate induces an exponential
separation of trajectories with respect to time. We believe that many people have
assumed an exponential trajectory separation in time implies an exponential
separation with respect to the magnitude of the external field. This work shows
that within the GK time window, the dominant microscopic behaviour in fluids
which exhibit linear macroscopic behaviour, is linear in the external field but
exponential in time.
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We have seen in Figure 7.12 that for intermediate times the phase separation
takes the form,

d=A, exp[dt, ] (7.78)

where the Lyapunov time, Ty, is the inverse of the largest Lyapunov exponent
for the system at equilibrium. We can explain why the phase separation exhibits
this functional form and moreover, we can make a rough calculation of the
absolute magnitude of the coefficient, A. We know that the exponential
separation of trajectories only begins after a time which is roughly the Maxwell
relaxation time Ty, for the fluid. Before the particles sense their mutual
interactions, the particles are freely streaming with trajectories determined by
the initial values of (4.P). After this initial motion the particles will have
coordinates and momenta as follows,

0, =q,0 + 29D 500
| m J

p,(1) = p,(0) +[F,(0) - ivp, (0) (7.79)

When this approximation breaks down, approximately at the Maxwell relaxation
time, Ty; N/G, the phase separation d(Ty,,?) will be,

()= vwm (7.80)

For our system this distance is,

NﬂS n
d(rM,y)=th{7 +NT} ~8.Ty

3n (7.81)
We have used the fact that the reduced Maxwell time is 0.137. After this time
the phase separation can be expected to grow as,

]

[
d(y,t)~d(y,T,)exp 7
[+ 067 (7.82)

where, as before Ty is the inverse of the largest zero-strain rate Lyapunov
exponent. For fields less than ¥ ‘=107, the equilibrium Lyapunov time dominates
the denominator of the above expression. This explains why the slopes of the
curves in Figure 7.12 are independent of strain rate. Furthermore by combining
equations (7.70), (7.81) and (7.82) we see that in the regime where the strain rate
corrections to the Lyapunov exponents are small, the phase separation takes the
form given by equation (7.78) with the coefficient, A~8.7. Equation (7.82) is
plotted, for a reduced strain rate of 107, as a dashed line in Figure 7.12. It is in
reasonable agreement with the results. The results for other strain rates are
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similar. The greatest uncertainty in the prediction is the estimation of the precise
time at with Lyapunov behaviour begins.
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