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respectively. The equilibrium data at e=2.134, p=0.1, gives a thermodynamic
pressure of 0.22, in reasonably good agreement with the virial pressure (including
both kinetic and configurational components) of 0.24. The disagreement between
the thermodynamic and the kinetic expressions for both the temperature and
the pressure arise from two causes; the absence of the configurational
contributions, and the finite difference approximations for the partial derivatives.

Figure 10.14 shows the analogue of Figure 10.9 for a 32 particle system under
shear. The nonequilibrium pair distribution function is free of the singularities
apparent in the 2-particle system. The reason why it is smooth is that for 1 and
2-particle distributions in systems of many particles, one averages over all
possible positions and momenta for the other N-2 particles. This averaging washes
out the fine structure. These distributions even at very high strain rates, are not
fractal. If the Green expansion converges rapidly we will clearly arrive at a finite
value for the entropy.

Table 10.4 gives the computed kinetic contribution to the entropy as a function
of energy, density and strain rate. At low densities the increased mean free paths
of particles relative to the corresponding situation in dense fluids means that
considerably longer simulation runs are required to achieve an accuracy
comparable to that for dense fluids. The data given in table 10.4 is taken from
15 million timestep simulation runs. Away from equilibrium the strain rate tends
to increase the mixing of trajectories in phase space so that the errors actually
decrease as the strain rate is increased.

For a given energy and density, the entropy is observed to be a monotonically
decreasing function of the strain rate. As expected from thermodynamics, the
equilibrium state has the maximum entropy. Although there is no generally
agreed upon framework for thermodynamics far from equilibrium, it is clear
that the entropy can be written as a function, S = S(N,V,E,7). Defining T, as

OE/0S)yy , pwn as TOS/OV)gy and (y, as -TOS/0Y)g v, we can write,

(10.59)

Some years ago Evans and Hanley (1980) proposed equation (10.59) as a
generalized Gibbs relation, however, at that time there was no way of directly
computing the entropy or any of the free energies. This forced Evans and Hanley
to postulate that the thermodynamic temperature was equal to the equipartition
or kinetic temperature, T = 2K/(dNkg), for systems in d dimensions. Evans and
Hanley observed that away from equilibrium, although the pressure tensor is
anisotropic, the thermodynamic pressure must be independent of the manner
in which a virtual volume change is performed. The thermodynamic pressure
must therefore be a scalar. They assumed that the thermodynamic pressure
would be equal to the simplest scalar invariant of the pressure tensor that was
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also consistent with equilibrium thermodynamics. In two dimensional systems
they assumed that p=(Py,+Pyy)/2.

Since we can now calculate the coarse grained Gibbs entropy directly, we can
check the correctness of these postulates. We assume, that the internal energy
is given by the sum of the peculiar kinetic energy and the potential energy, that
we know the system volume and strain rate and that the thermodynamic entropy
is equal to the coarse grained Gibbs entropy which at low densities can be
approximated by the first term of equation (10.56). Table 10.4 below shows a
comparison of kinetic and thermodynamic temperatures for the 32-particle
soft-disc system.

As has been known for some time (Evans, 1983), 0T\ /07 )y is negative leading
to a decrease in the kinetic temperature with increasing strain rate. For this low
density system the effect is far smaller than has been seen for moderately dense
systems. At a density of 0.1 the kinetic temperature drops by 0.3% as the shear
rate is increased to unity. The precision of the kinetic temperature for these runs
is about 0.01%. The thermodynamic temperature also decreases as the strain
rate is increased but in a far more dramatic fashion. It decreases by 10% over
the same range of strain rates. The results clearly show that away from
equilibrium the thermodynamic temperature is smaller than the kinetic or
equipartition temperature. As the strain rate increases the discrepancy grows
larger.

Using the simulation data at e=2.134, one can estimate the thermodynamic
pressure as a function of strain rate. Table 10.5 shows the finite difference
approximation for the thermodynamic pressure, py,, the hydrostatic pressure,
Pu= (PxxtPyy)/2 and the largest and smallest eigenvalues of the pressure tensor
p1.p2 respectively. As expected the hydrostatic pressure increases with shear
rate. This effect, known as shear dilatancy, is very slight at these low densities.
The thermodynamic pressure shows a much larger effect but it decreases as the
strain rate is increased. In an effort to give a mechanical interpretation to the
thermodynamic pressure we calculated the two eigenvalues of the pressure
tensor. Away from equilibrium, the diagonal elements of the pressure tensor
differ from one another and from their equilibrium values, these are termed
normal stress effects. The eigenvalues are influenced by all the elements of the
pressure tensor including the shear stress. One of the eigenvalues increases with
strain rate while the other decreases and within statistical uncertainties the latter
is equal to the thermodynamic pressure.
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Table 10.4. Low density data *

P Y e s Ty Tin
0.075 0.0 2.134 6.213

0.1 0.0 1.921 5.812

0.1 0.0 2.134 5.917(27) 2.175 2.12(6)
0.1 0.0 2.346 6.013

0.125 0.0 2.134 5.686

0.075 0.5 1.921 5.744

0.075 0.5 2.134 5.852 2.190 2.088
0.075 0.5 2.347 5.948

0.1 0.5 1.921 5.539

0.1 0.5 2.134 5.653 2.171 2.048
0.1 0.5 2.346 5.747

0.125 0.5 1.921 5.369

0.125 0.5 2.134 5.478 2.153 2.088
0.125 0.5 2.347 5.573

0.075 1.0 1.921 5.380

0.075 1.0 2.134 5.499 2.188 1.902
0.075 1.0 2.347 5.604

0.1 1.0 1.921 5.275

0.1 1.0 2.134 5.392 2.169 1.963
0.1 1.0 2.346 5.492

0.125 1.0 1.921 5.157

0.125 1.0 2.134 5.267 2.149 2.019
0.125 1.0 2.347 5.368

T Away from equilibrium the uncertainties in the entropy are £0.005.
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Figure 10.14 Shows the pair distribution function for the 32-particle soft disc
fluid at a relatively high reduced strain rate of 2.0. The reduced density and
total energy per particle is 0.1, 1.921, respectively. The run length is 24
million timesteps. The distribution is, as far as can be told from the simulation
data, completely smooth. In spite of the high anisotropy of this distribution,
the configurational contribution to the system entropy is only about 0.4%.

Evans (1989) conjectured that the thermodynamic pressure is equal to the
minimum eigenvalue of the pressure tensor, that is py,= p,. This relation is exact
at equilibrium and is in accord with our numerical results. It is also clear that if
the entropy is related to the minimum reversible work required to accomplish
a virtual volume change in a nonequilibrium steady state system, then p,dV is
the minimum pV work that is possible. If one imagines carrying out a virtual
volume change by moving walls inclined at arbitrary angles with respect to the
shear plane then the minimum virtual pV work (minimized over all possible
inclinations of the walls) will be p,dV.

Table 10.5. Nonequilibrium pressure: e=2.134, p=0.1

Y Pth Ptr P1 P2

0.0 0.215(7) 0.244 0.244 0.244
0.5 0.145 0.245 0.361 0.130
1.0 0.085 0.247 0.397 0.096

Figure 10.15 shows the kinetic contribution to the entropy as a function of strain
rate for the 32-particle system at an energy e=2.134 and a density =0.1. The
entropy seems to be a linear function of strain rate for the range of strain rates
covered by the simulations. Combining these results with those from Table 10.4
allows us to compute (y, as a function of strain rate. For ¥=0.0, 0.5, 1.0 we find
that (/N = 1.22, 1.08, and 0.91 respectively. Most of the decrease in ( is due
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to the decrease in the thermodynamic temperature with increasing strain rate.
We have assumed that asymptotically s is linear in strain rate as the strain rate
tends to zero. It is always possible that at strain rates which are too small for us
to simulate, that this linear dependence gives way to a quadratic variation.

Although these calculations are restricted to the low density gas regime, the
results suggest that a sensible definition for the nonequilibrium entropy can be
given. A definition, based on equation (10.56), avoids the divergences inherent
in the fine grained entropy due to the contraction of the nonequilibrium phase
space. At low densities this entropy reduces to the Boltzmann entropy implicit
in the Boltzmann H-function. Our entropy is, for states of a specified energy and
density, a maximum at equilibrium.

Defining a temperature on the basis of this entropy, indicates that far from
equilibrium there is no reason to expect that the equipartition, or kinetic
temperature is equal to the thermodynamic temperature. Similarly there seems
to be no reason to expect that the average of the diagonal elements of the pressure
tensor will be equal to the thermodynamic pressure far from equilibrium. The
concept of minimum reversible virtual work, together with our numerical results
suggests that the thermodynamic pressure is instead equal to the minimum
eigenvalue of the pressure tensor.
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Figure 10.15 Shows the kinetic contribution to the system entropy as a
function of strain rate. The system density is 0.1 and the energy per particle
is 2.134. Within the accuracy of the data the entropy is essentially a linear
function of strain rate. The derivative of the entropy with respect to strain
rate gives (/T. ( is positive but decreases with strain rate, mostly due to the
decrease in the thermodynamic temperature with increasing strain rate.
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It remains to be seen whether the entropy so defined, is a local maximum in
nonequilibrium steady states. If this can be satisfactorily demonstrated then we
will have for the first time a fundamental basis for a generalized thermodynamics
of steady states far from equilibrium.
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